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1. Introduction 
All rings are assumed to have identity elements and all modules are unital. Let 
R be a ring. Gabriel [g] and Maranda [20] have shown that there is a bijective corres- 
pondence between hereditary torsion theories for the category of left R-modules and 
left Gabriel topologies on R (see for example [28, p. % 46 Theorem 5. !l I). Our concern 
in this paper is with the collection N(R) ef those left ideals of R which do not belong 
to any left Gabriel topology on R other than the one consisting of all left ideals. 
In fact, N(R) consists of all left ideals L such that 
Horn, (R/L, E) + 0 
for every non-zero injective left R-module E. 
Given any ring R, it is clear that the zero ideal OE N(R) but R $ N(R). It is also 
clear that if Li rLt are left ideals of R and L2 E N(R), then L, E N(R). In addition, 
though this is not obvious, a (two-sided) ideal k N(R) if and only if I is righ: 
T-nilpotenk Thus a commutative ring R satisfies N(R) = {0} if and only if R is semi- 
prime. ThEs fact is rather typical of what happens in the sense that the collection 
N(R) seems to carry a lot of information about the ring R. In Section 6 we give 
necessary and sufficient conditions for a general ring R to satisfy N(R) = (0); in 
particular, this occurs if and only if the ring is left nonsingular and the maximal eft 
quotient ring of R is a reduced ring. For example, if R is a prime ring. then 
N(R) = (0) if and only if R is a left Ore domain. 
There is another extreme situation, of course, when N(R) consists of all proper 
left ideals. This occurs when there are no non-trivial hereditary torsion theories for 
the category of left R-modules and by a result of Gardner [9] and inde 
Meijer [21], this arises if and only if the Jacobson radical J of R is right T-n 
and R/J is a simple,Artinian ring. We derive this fact in Section 2. This is a 
case of a more general result proved in Section 4, namely 
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in the lattice of all left ideals of R of a proper left Gabriel topology G if and only 
ii’ there exists an ideal I of R such that R/I is a left r-ring in the sense of [5] and 
I is right T-nilpotent. 
For any ring R the collection of dense left ideals is a left Gabriel topology. The 
ring R is a left T-ring if and only if N(R) consists of all non-dense left ideals. In 
Iiection 4 we show that a ring R is a left T-ring if and only if every proper left 
zrnnihilator belongs to the collection N(R). We call1 an ideal I of a general ring R 
;l T-ideal provided the ring R/I is a left T-ring (this should not be confused with 
c he use of this term in the theory of rings with polynomial identity). With this nota- 
tion we prove that if Ij (15 js n) is a finite collection of T-ideals of ring R such 
that I, .** I,, is right T-nilpotent, then the left ideal L E N(R) if and only if 
HomR(R/L,E(R/lj)) #O (1 Sjsn). 
Here and throughout E(M) or E&&Z) denotes the injective hull of the left 
R-module M. If the ring R is left or right Noetherian, then the minimal prime ideals 
of R are T-ideals and so there is an obvious corollary for such rings. At this point 
we are very close to work of Beachy [2,3] and, although his standpoint is rather 
different, the corollary in question can easily be deduced from his results. In fact 
we generalize in Section 3 some of Beachy’s results in the course of investigating 
when N(R) is an intersection of the complements of left Gabriel topologies. 
A fundamental question in dealing with hereditary torsion theories seems to be 
to translate information about the torsion theory corresponding to the injective left 
R-module E(R/I) to the ring R/I, where I is a given proper ideal of R. Related to 
this question is the problem of translating information from N(R) to N(R/I). If J 
is an ideal of R and JE N(R), then J is right T-nilpotent and hence (J+ I)/IE 
N(R/l). This result fails to hold in the case when J is merely a left ideal and we 
give a counter-example with I’- -0. If R is a left or right Noetherian ring with 
minimal prime ideals Pi (1 sis n) and W= PI fl l (7 P,,, f.hen L E N(R) implies 
(L + IV)/WE N(R/W) if and only if C(P,) is a left Ore set for 1 r&n. Here, given 
a prime ideal P, C(P) denotes the set of elements c of R swh that cr $ P and I”C $ P 
for all r in R but not P. This is discussed in Section 5. 
Some of the proofs are relatively straightforward but we include details for the 
sake of completeness. 
2. Gabriel topologies and N(R) 
Let rS be a ring. Following [28] we define a left Gabriel topology G on R to be 
a non-empty collection of left ideals satisfying the following properties: 
(i) If Lr I& are left ideals of R and L1 ~6, then L2 eGG. 
(ii) If L, and L2 belong to 6, then so does L1 n Lz. 
(iii) If TER and L~G,then L~-'=(~ER:~~EL) 
(iv) If L E G and K is a left ideal such that Ka-' E r all a in L, then KE 
It is well known (see for example 128, p. 142, Proposition 3.7 and p. 146, Theorem 
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5.11) that a non-empty col!ection G of left ideals of a ring R is a left Gabriel 
topology on R if and only if there exists an injective left R-module E such that 
G = (L: L is a left ideal of R and HomR(R/L,, E) = 0}, 
and in this case it seems appropriate to denote G by CR(E) or G;(E) when there is 
no ambiguity. In particular G(O) is the collection of all left ideals of R and all other 
left Gabriel topologies we shall call proper. We define N(R) to be the colection of 
all left ideals L which do not belong to any proper left Gabriel topology on R. Thus 
we have: 
Lemma 2.11. For any ring R, N(R ) consists of all left ideals L such that 
HomR (R/L, E) f: 0 for every non-zero injective left R-module E. 
Lemma 2.2. The following statements are e#quivalent for a left ideal L oj’a ring R. 
(i) L E N(R). 
(ii) For all proper left ideals A of R there exist r, s in R such that se A aud 
Lr-] s As-‘. 
(iii) For all non-zero injective left R-modules E there exists a no+zerc, element 
e in E such that Le= 0. 
Proof. (i)*(ii). If .4 is a proper left ideal then there exists a non-zero homomor- 
phism @ R/L -+ E(R/A), There exist r, s E R with s $A such that @(r + L) = s + A. It 
follows that Lr-’ 5 As-‘. 
(ii)* (iii). Let E be a non-zero injective left R-module. Let e E E, e #O. Let 
A={reR:re=O}. Then A is a proper left ideal of R. By hypothesis Lr-kAs ’ 
for some r,sE R but. s&4. Thus se#O and (Lr-‘)se=O. Define 8: R/(Lr-*) -+ E b> 
6(x + Lr- ‘) =xse for all x in R. Then 8 is a homomorphism and because R/(Lr - ‘js 
(Rr + L)/L, it follows that 6 can be lifted to a non-zero homomorphism x: R/I_. -+ E. 
Let x(l+L)=f~E. Then f#O and Lf=O. 
(iii) * (i). If Le = 0 for some non-zero element e E E, then clearly there is a non- 
zero homomorphism from R/L to E. Now apply Lemma 2.1. 
Corollary 2.3. Let a be a nilpotent element of a ring R. Then the principar left ideal 
Ra belongs to N(R). 
Proof. Let E be a non-zero injective left R-module and let e be a non-zero element 
of E. There exists a positive integer n such that a”-‘e#O and a”e = 0. Thus 
(Ra)a”-’ e=O. By Lemma 2.2, Rae N(R). 
A non-empty subset S of a ring R is called right T-nilpotent if for any given 
sequence al, a2, a3, . . . of elements of S there exists a positive integer 11 such t 
a,a, _ 1 9’. al = 0. If S is a right T-nilpotent subset of a ring R and 
R-module, then there exists a non-zero element m in A4 such that 
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in S (see [28, p. 184, Lemma 2.91). Thus Lemma 2.2 gives a second corollary as 
foilows. 
Corollary 2.4. If L is Q right T-nilpotent left ideal of a ring R, then L e N(R). 
The converse of Corollary 2.4 is true for (two-sided) ideals as the next result 
shows. It can be found in [S, Theorem 1.11 or 110, Corollary 2.21. 
Proposition 2.5. The following statements are equivalent for an ideal I of a ring R. 
(i) IE N(R). 
(ii) For each non-zero left R-module M there exists a non-zero element m in M 
such that Im = 0. 
(iii) I is right T-nilpotent. 
Nt:xt we investigate factor rings. Let R be a ring, I an ideal of R and E an injective 
left R-module. We denote by annEI the set of elements e in E such that Ie = 0. By 
[24, g. 47, Proposition 2.271 annEI is an injective left R/P-module. For the next 
.-esuEt see [19, Theorem 2.51. 
Proposition 2.6. Let I be an ideal of a ring R, E an injective left R-module and X 
an injective left R/I-module. Then 
(8 GR(ER (X)) = (L : L is a lef! ideal of R such that 
(Lr-’ -+I)/kGR,r(X) for all r in R). 
(ii) G,,, (an@) = (L/I : L is a left ideal of R containing 
I such that L E GR (E)). 
Proof. (i) Suppose L is a left ideal of R such that L $ G(E(X)). Let O# tk 
HomR(R/L, E(X)). Then there exist r E R, 0 +XE X such that @(r + L) =x. Let 
K = Lr-‘. Then RX= 0 and it follows that (K+ I)x = 0. Hence 
Hoq/I(R/(K + I), X) # 0. 
Thus (Lr-’ + I)/16 G(X). 
Conversely, suppose (Lr-’ + I),‘& G(X) for some r in R. Let K = Lr-‘. Then 
and so 
Hom&R/(K + I), X) # 0 
HomR (R/(.K + I), E(X)) # 0. 
It follows that HomR (R/K, E(X)) # 0. But K = Lr-’ implies R/K s (Rr + L)/L, 
SO that HomR ((Rr -t- L)/L, E(X)) ;f: 0 and hence HomR (R/L, E(X)) + 0, that is 
(ii) Let L be a left ideal of R containing I such that L E 
Homli(R/L, E) = 0 and hence Horn R,I(R/L,annEI)=O, that is L/kG(ann&. 
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Conversely, let L be a left ideal containing I such that L/IE G(ann&. Let 
Q3) E Horn, (R/L, E) and suppose  E E satisfies e = @( 1+ L). Then 1~ L implies le = 0 
and so e E ann& Since Horn &R/L, ann& =0 it follows that # = 0. Thus 
LEG(E). 
Recall that a left ideal L of a ring R is called dense provided HomR (R/L, E(R)) -=O. 
It is well known that a left ideal L of R is dense if and only if (Lr-‘)s#O for all 
r,s in R with s#O (see for example [28, p. 149, Proposition 6.41). Proposition 2.6(i) 
has the following immediate consequence. 
Corollary 2.7. Let I be an ideal of a ring R. Then G&E,&R/I)) consists of ~11 
left ideals L of R such that (Lr-’ +- I)/I is a dense left ideal of the ring R/I for 
all r in R. 
In the sequel we shall denote G,(E,(R/I)) simply by G1, for any ideal I of a 
ring R. Suppose I is a semiprime ideal of a ring R such that R/I is a left Goldie ring. 
Then R/I is left nonsingular (see [7, p. 6, Theorem 1.61) and hence by (28, p. 149, 
Proposition 6.71 and [11, Theorem 3.91 we see that Corollary 2.7 generalizes (18, 
Proposition 2.21. (See also [ 17, Corollary 3. lo] and [ 15, Theorem] .) A second conse- 
quence of Proposition 2.6 is the following result. 
Corollary 2.8. Let L be a left ideal and I an ideal of a ring R such that Ir L. Then 
LEN(R) if and only if I is right T-nilpotent and L/k N(RM). 
Proof. The necessity is proved by Propositions 2.5 and 2.6(ii) since for any non- 
zero injective left R/I-module X, ann,,,l =X. 
Conversely, the sufficiency is also proved by Propositions 2.5 and 2.6(ii) since 
annE I #0 for every non-zero injective left R-module E. 
0ne consequence of Corollary 2.8 is the following result which is due indepen- 
dently to Gardner [9, Theorem 41 and Meijer [21, Theorem]. 
Proposition 2.9. The following statements are equivalent for a ring R with Jacobson 
radical J. 
(i) N(R) consists of all proper left ideals of R. 
(ii) J is right T-nilpotent and R/J is a simple Artinian ring. 
(iii) N(R) contains a maximal eft ideal. 
Proof. (i) * (ii). Let 1M be a maximal ideal of R. Then M is right T-nilpotent ~Prop~- 
sition 2.5) and hence A&J. Thus iW= J, so H/J is a simple ring. More 
Corollary 2.8, N(R/J) consists of all proper left ideals of R/J. Thus R~J 
no proper essential eft ideals (see [28, p. 149, Corollary 6.81) and hence R/J is 
simple Artinian. 
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(ii) e (iii). Let M be a maximal left ideal of R. Because all simple R/J-modules 
are isomorphic it follows that AU& N(R/J). By Corollary 2.8 we conclude 
ME N(R). 
(iii) * (i). Let Mi and A& be maximal left ideals of R and suppose Nr E N(R). 
Then NomR(R/M1, E(R/M2))f0 and hence R/M, ~%44~. Thus J&E N(R). It 
follows that N(R) consists of all proper left ideals of R. 
Note that in Proposition 2.9, condition (i) can be restated thus: {R} is the only 
proper left Gabriel topology on R. In Section 4 we shall prove a more general result 
than Proposition 2.9. 
3. Maximal Gabriel topologies 
Let R be a rin,g. If 6, and GZ are left Gabriel topologies on R we define Gi s G2 
if every member of Gr is a member of Cf. If Gab(R) denotes the collection of all 
proper left Gabriel topologies on R, then Gab(R) is a partially ordered set. If G is 
a proper left Gabriel topology on R, let G’ denote the collection of left ideals of R 
which do not belong to G. Then Lemma 2.1 can be restated as 
b) N(R) = (1 C’ 
where the intersection is taken over all G in Gab(R). Now suppose that every 
member of Gab(.R) is contained in a maximal member. In this case, the intersection 
in (*) need be taken only over all maximal members G in Gab(R). 
It does not always happen that every member of Gab(R) is contained in a maxi- 
mal member as Beachy (2, p. 7221 points out. Indeed, in [2] and [3] Beachy examines 
in some detail the existence of maximal members in Gab(R). We devote this section 
to looking at the existence of maximal members of Gab(R) but from a slightly 
different standpoint. 
Let R be a ring and M a left R-module. If S is a non-empty subset of M, then 
ant@ is the set of elements a in R such that as=0 for all s in S, that is annRS is 
the annihilator in R of S. In the case A4= R we denote annRS by Z(S). If s = {s} 
we write i(s) for I(S). A left ideal L of R is called a left annihilator provided L = I(S) 
for some non-e:mpty subset S of R. Note that if L is a left ideal of R and M is a 
left R-module, then L = annR S for some non-empty subset S of M if and only if 
L = annip annM C. This is an easy exercise. The first two lemmas in this section are 
also easy to prove but we include their proofs for completeness. 
emma 3.1. Let R be a ring and E, F injective left R-modules. Then G(E) 2 G(F) 
if and only if I!? is (up to isomorphism) a direct summand of a direct product of 
copies of F. 
roof. Suppose (F). Suppose CM. Let e be any non-zero element of E. 
The complement of Gabriel topologies 125 
Let L = annR {e}. Then R/L s Re and hence L $ G(E). It follows that L $ 
so there exists a homomorphism 8, : Re -+ F such that 8,(e) #O. Since F is injective 
it fohows that t& can be lifted to a homomorphism Ge : E -+ F. Let H = n F, be the 
direct product of copies Fe of F indexed by the set of non-zero elements e of E. 
Define @:E+H by 
Then @ is a monomorphism and the necessity is proved. 
Conversely, suppose that E is a direct summand of a direct product of copies of 
F. Let L be a left idea.1 of R with L $ G(E). Then Hom,(R/L, E) #to and hence 
HomR (R/L, F) #O. Thus L $ G(F) and the result follows. 
Lemma 3.2. Let R be a ring, Iaproper ideal of R and E an injective left R-module. 
Then G(E) (: GI if and only if I = annM S for .some non-zero submodule S of E. 
Proof. G(E&GI if and only if E(R/I), and hence R/1, is isomorphic to a sub- 
module of a direct product of copies of E. Equivalently, I is the annihilator of a 
submodule of a direct product of copies of E and this is true if and only if I is the 
annihilator of a submodule of E. 
Corollary 3.3. Let 9 be a non-empty collection of proper ideals of a ring R. Then 
the folio wing statements are equivalen 1. 
(i) For each G in Gab(R) there exists I in 9 such that G s Gt . 
(ii) Every non-zero injective left R-module contains a non-zero submodule whose 
annihilator belongs to J. 
Proof. Clear. 
Let I be an ideal of a ring R. Denote by A(I) the collection of annihilators of non- 
zero submodules of ER(R/I). Then A(I) is a non-empty collection of ideals of R 
and LEA(I). We say that I is an M-ideal provided 
1 = annR annE(R/J) I for all J in A(Z). 
Theorem 3.4. Let R be a ring. 
(i) A left Gabriel topology G on R is a maximal member of Gab(R) if and on 
if G = Gt for some M-ideal I # R. 
(ii) Every member of Gab(R) is contained in a maximal member if and on/v 
every non-zero injective left R-module has a non-zero submodule whose annih 
is an M-ideal. 
= G(E) is a maximal member of Gab(R) where E is a non- 
injective left R-module. Let I= annRE. By Lemma 3.2, 
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mality of G it follows that G = G1. Now suppose JE A(I). By Lemma 3.2, G 5 GJ. 
Again by the maximality of 6;; we conclude G = GJ. Thus I= annR T for some non- 
zero submodule T of E(R/J) by Lemma 3.2. It follows that I= annRann&R& 
I-Ience I is an M-ideal. 
Conversely, let G = Gl for some M-ideal I # R. Suppose G s G(F) for some non- 
zero injective left R-module E Let K = annR F. By Lemma 3.2, G(F) s GK. Thus 
GIrGK and so by Lemma 3.2, KEA(I). Since I is an M-ideal it follows that 
I= annR annE(RiK) I and, by Lemma 3.2, GK= GI. Thus G = G(F). It follows that G 
is a maximal member of Gab(R). 
(ii) By (i) and Corollary 3.3. 
In [3, Theorem 4. l] Beachy gives a special case of this result. For, let R be a ring 
such that every non-zero injective left R-module contains a submodule whose anni- 
hilator belongs to 9, where 9 is the collection of minimal prime ideals of R. Let 
G E Gab(R). By Corollary 3.3, G 5 GP for some P in 9. Moreover, GP is maximal 
in Gab(R), or in other words P is an M-ideal. For, if GprG(F) for some non-zero 
injective left R-module E’, then G(F)sG, for some Q in 9 by Corollary 3.3 and 
thus G,IG~. By Lemma 3.2, Q annihilate, some non-zero submodule of E(R/P) 
and, because P is a prime ideal, we conclude QI P and thus Q= P. Note that in 
this case 
N(R) = n G;. 
PEB 
In i26] rings R are considered with the following properties: 
(Pl) For every proper ideal I there exists a finite collection of prime ideals Pi 
(1 (iln) such that 
and 
(P2) the ascending chain condition on prime ideals. 
It is proved in [26, Lemma 1] that if R is a ring which satisfies the ascending chain 
condition on two-sided ideals or has Krull dimension on the left or right, then R 
satisfies (P’l) and (P2). There are rings which satisfy (Pl) and (P2) which do not 
satisfy the ascending chain condition on two-sided ideals nor do they have Krull 
dimension (set: [26, p. 9911 for an example). It is an easy consequence of [26, Lemma 
21 that if R is a ring which satisfies (Pl) and (P2), then every non-zero left R-module 
contains a submodule whose annihilator is a prime ideal and so, by Corollary 3.3, 
where the intersection is taken over all prime ideals P of R. It wodld be tempting 
to think that for such a ring it might be the case that in (**) we could take the inter- 
section over the finite collection of minimal prime ideals P of R but this is not true 
as we shall point out in the next section. 
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It seems natural t ask for which rings R does there exist a finite collection of 
Gabriel topologies i (l&l@ such that 
For each 1 s i ~tz let Ei be a non-zero injective left R-module such that Gi = G(E,) 
and let Ai=alInREi. By Lemma 3.2, GisGA, (l&(n) and hence 
N(R) = G;, n 00. n G;,. 
Moreover the ideal A, n l .0 n A, belongs to N(R) and hence by Proposition 2.5 this 
ideal is right T-nilpotent. What more can one say? Are the ideals Ai (1 I i 5 n) 
M-ideals? We have been unable to answer this question in general, but consider it 
further in the next section. 
4. T-ideals 
In this section we consider instead of A&ideals a collection of ideals called here 
T-ideals which arise out of the investigation carried out in [5]. Let R be a ring and 
let R mod denote the category of left R-modules. By an hereditary radical r on R mod 
is meant a left exact idempotent subfunctor of identity such that r(M/‘r(M)) = 0 for 
all M in R mod. Following [5] R is called a left T-ring provided r(R) = 0 for every 
non-trivial hereditary radical r on Rmod. In [5, Theorems 1.3, 2.4, 2.5 and 4.71 
necessary and sufficient conditions are given for a ring R to be a left T-ring. The 
following further necessary and sufficient conditions are given in [2, p. 7 191. 
Proposition 4.1. The foElowing statements are equivalent for a ring R. 
(i) R is a left T-ring. 
(ii) Every non-zero injeclive left R-module k faithful. 
(iii) N(R) = G& that is N(R) consists of all non-dense left ideals. 
The next result generalizes [5, Theorem 1.31 (see Corollary 2.4 and Proposition 
2.5 above). 
Proposition 4.2. The ticollowing statements are equivalent for Q ring R. 
(i) R is a left T-ring. 
(ii) I(a) E N(R) for every non-zero element a in R. 
(iii) Every proper left annihilator belongs to N(R). 
Proof. It is sufficient to prove (i) H (ii). Suppose (ii) holds. Let E be a non-zer 
injective left R-module. Let 0 #a E R. By Lemma 2.1, HOIn&?/&?), E) #6 and 
hence HomR (Ra, E) # 0. Let @ : Ra + E be a non-zero homomorphism. There 
exists e E E such that g)(r) =’ re for all r in Ra. It follows that ue#O. Hence is 
faithful. By Proposition 4.1, R is a left T-ring. 
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Conversely, suppose l(b) $ N(R) for some 0 # b E R. Then there exists a non-zero 
injective left R-module F such that HomR(Rb, F) = 0. Thus bF= 0 and F is not 
faithful. By Proposition 4.1, R is not a left T-ring. 
Let I be a proper ideal of a ring R. Let Inj(1) denote the collection of (non-zero) 
injective left R-modules which contain a non-zero submodule annihilated by I (that 
is, I is contained in the annihilator of the submodule but need not equal it). Note 
that E(Wl) belongs to Inj(P). An ideal J of R will be called a (left) T-ideal provided 
the ring R/J is a left T-ring. 
Theorem 4.3. The following statements are equivalent for a proper idealrof a ring R. 
(i) I is a T-ideal. 
(ii) G(E) s Gr for all E in Inj(I). 
(iiii) I = annR annE I for all E in Inj(1). 
Proof. (i)*(ii). Let E~!nj(b) and let LEG(E). Let rE R. Then (Lr-’ + I) EC(E) 
and by Proposition 2.6(ii) it follows that (Lr-’ +1)/k G&ann&. Since annEIf 
it follows that (Lr-’ + I)/1 is a dense left ideal of R/I (Proposition 4.1). Thus 
L e GI by Corollary 2.7‘ It follows that G(E) s Gt . 
(ii)* (iii). By Lemma 3.2. 
(iii)*(i). Let X be a non-zero injective left R/I-module. Let E = ER (X). Then 
X = annEI. Because ann R,IX = (annR X)/I, it follows that X is faithful. By Propo- 
sition 4.1 the ring R/I 1s a left T-ring and hence I is a T-ideal. 
Corollary 4.4. Let f be a collection of proper T-ideals of a ring R. Then the fol- 
lo wing statements are equivalent. 
(i) For all G in Gab(R) there exists I in Y such that G sG~. 
(ii) For every non-zero injective left R-module E there exists I in 9 such that 
EE Inj(r). 
Moreover, in this case N(R) = (Ile/ G;. 
Proof. (i) = (ii) by Corollary 3.3. (ii) * (i) by Theorem 4.3. The last part is clear by (i). 
Corollary 4.5. Let {$ : 15 jl n} be a finite collection of T-ideals of a ring R. 
Then N(R) = ny=, G\ if and only if the ideal I, 9.. I,, is right T-nilpotent. 
roof. Suppose N(R) = n;= 1 6;. Then II .a0 In 5 n;= I Ij E N(R) and hence II .o. Zn 
is right T-nilpotent by Proposition 2.5. 
Conversely, suppose 1, •**1~ is right T-nilpotent. Let E be a non-zero injective 
left R-module. By Proposition 2.5 there exists a non-zero element e in E such that 
I1 ..e Ine = 0. By induction on n there exists 15 jl n and 0 #f E E such that bf = 0. 
The result now follows by Corollary 4.4. 
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Let P be a prime ideal of a ring R. It is clear that an ideal T belongs to 
only if 11 P. In particular if R = Z, the ring of rational integers, then N(R) = {O) 
by Proposition 2.5 and, on the other hand, if .P is any infinite collection of non-zero 
prime ideals of R, then &,,? Gb = (0). Note further that if Q is a prime ideal of 
R not in 9, then E(R/Q) $ Inj(P) for all P in .Y. Finally n.ote that non-zero prime 
ideals of R are maximal ideals and hence T-ideals. This example should be compared 
with Corollary T8.4. 
In [2, p. 7241 Beachy gives an example of a prime ring R with only one non-triviai 
ideal F such that GO and GF are both maximal in Gab(R). Thus 0 and F are both 
M-ideals. However F is a T-ideal but 0 is not (Theorem 4.3). Thus there exist 
M-ideals which are not T-ideals. In addition for this ring R, 
N(R) = G;,nG;;-. 
Now suppose that S is a left or a right Noetherian ring and I is a maximal ideal of 
S but not a minimal prime ideal. Then I is a T-ideal but not an M-ideal (see [3, 
Theorem 4.61). 
Before going to more examples we prove a result which generalizes Propositions 
2.9 and 4.1. 
Theorem 4.6. A ring R satisfies N(R) = G’for some ieft Gabriel topology G on R 
if and only if R contains a right T-nilpotent T-ideal. 
Proof. Suppose N(R) = G’. There exists a non-zero injective left R-module E such 
that G = G(E). Let I = annR E. Then G rG1 by Lemma 3.2. Hence G = G,. it 
follows that IE N(R) and hence, by Proposition 2.5, I is right T-nilpotent. By 
Theorem 4.3, I is a T-ideal. Conversely, let I be a right T-nilpotent T-ideal. By Pro- 
position 2.5, Inj(1) consist of all non-zero injective left R-modules. By Theorem 4.3 
the result follows. 
So far we have discussed two types of ideals, namely M-ideals and T-ideals. Now 
we briefly consider a third type, namely strongly prime ideals. Following [ 1 S] a ring 
R is left strongly prime provided every non-zero left ideal contains a finite non- 
empty subset with zero left annihilator. These rings are discussed also in (4,231 
where they are called left absolutely torsion-free rings (see [12, Proposition 5.41 and 
[29]). Left strongly prime rings are clearly prime. On the other hand prime rings 
which satisfy the descending chain condition on left annihilators are left strongly 
prime (see [12, Proposition 1.11). 
An ideal I of a ring R will be called (left) strongly prime provided the ring Ril 
is left strongly prime. Thus strongly prime ideals are prime ideals. Moreover, 
strongly prime ideals are T-ideals as can be seen (for example) by combining Propo- 
sition 4. I with the following result. We write R(“) for R @ ... @ R (n copi.es). 
ositio 3. A ring R is left strongly prime if and on/y if E = IE for ever> 
tive left i;Y-module E and non-zero ideal I. 
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Proof. Suppose R is left strongly prime. Let E be an injective left R-module and 
I a non-zero ideal. Let S = {Q, . . . , a,} be a finite subset of I such that /(S) = 0. Let 




where a(r) = re (r E I?) and ,B(r) = (ral, . . . , ra,) (ml?). There exists a homomor- 
phism y : R@) -+ E such that a = y/3. For each 15 is n define Xi to be the element of 
R(") with 1 in the ith position and zeroes elsewere. Then 
e = a(l) = Y/31) = y(al, -,a,) = y ( > i aiXi = i ai?( i=l i=l 
Thus eE dE. It fol!ows that E = PE. 
Conversely, let I be a non-zero ideal of R. Let E = E(R). By hypothesis E = IE 
and hence 1= brfi + l *-+b,f, for some Mel, biEIandf;:EE (IS&~). Clearly 
l(UJ 1, . . . , &,}) = 0. It follows that R is left strongly prime. 
Let R be a ring which is either left or right Noetherian. Then the prime M-ideals 
of R are precisely the minimal prime ideals (see [3, Theorems 4.1 and 4.61). In addi- 
tion the strongly prime ideals are just the prime ideals because very prime image 
of R satisfies the descending chain condition on left annihilators (for left Noetherian 
rings use [7, p. 12, Corollary 1.151 and for right Noetherian rings use [7, p. 21). Thus 
for these rings we have for any prime ideal I 
I is an M-ideal * I is a strongly prime ideal 
* I is a T-ideal, 
but the implications cannot be reversed in general. For example if R is a commuta- 
tive Noetherian ring, then [5, Corollary 1 .d] shows that the T-ideals are precisely 
the primary ideals. 
We have already noted that strongly prime ideals are prime T-ideals and it might 
be asked whether the converse is true. It is not. We are grateful to J. Viola-Prioli 
for pointing out that the riirg given in [12, p. 212, Example 1) is a prime left T-ring 
but is not left strongly prime (though it is right strongly prime). 
WC conclude this section by proving a uniqueness theorem. A prime ring R is left 
bounded provided every essential left ideal contains a non-zero two-sided ideal. A 
ring R is called left fully bounded if every prime homomorphic image of R is left 
bounced. A ring R is a Zeft FBN-ring if R is left fully bounded and left Noetherian. 
I et R be a left Noetherian ring and U a uniform left R-module. Let P be an ideal 
of R vhich is maximal with respect o being of the form annR P’ for some non-zero 
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submodule V of U. If S is a non-zero submodule of U, then .$n V#Q and this 
implies annR SC annR(Sn V) = &’ by the choice of P. It follows that P is a prime 
ideal of R. We call P the ussassinator of U. The next lemma is a consequence of 
[28, p. 164, Theorem 2.11. 
Lemma 4.8. Let R be a left FBN-ring and E an indecomposable injective left 
R-module. Then G(E) = GP where P is the assassinator qf E. 
Recall that we are interested in rings R which satisfy 
(***I N(R)=G;WnG; 
for some Gi in Gab(R) for 1 s&n. We say that (***) is an irredundant de- 
composition of N(R) if Gi <Gj for all 15 i#js n. Compare the next result with 
[13, Theorem l]. 
Theorem 4.9. Let R be a left FBN-ring with minkal prime ideals Pi (1 I is n). 
Then N(R) = G; n l fIG& is Lpn irredundant decomposition of N(R) in terms of 
proper left Gabriel topologies Gi (1 s is m) if and only (f m = n and there exists a 
permutation 71 of (1, . . ..n) such that GRtI) = G, (1 skn). 
Proof. The sufficiency is proved in [2, Theorem 3.61. Conversely, suppose (***) is 
an irredundant decomposition. For each 15 is n, G = G(E,) for some non-zero 
injective left R-module Ej. By [24, p. 85, Theorem 4.41 for each 1s is n the 
module Ei is a direct sum of indecomposable injective left R-modules and we let 4 
denote the collection of assassinators of these direct summands. Let P be a minimal 
prime ideal of R. Suppose that for each 1 ri,c n there exists a prime ideal P, in 9; 
such that Pi #Pp. Then PI l P,, E N(R) and so is right T-nilpotent by Proposition 
2.5. It follows that PI l -a PnS P (use Proposition 2.5 or [7, p. 7, Corollary 1.81). 
Hence Pi s P an so Pi = P for some 1 s&n, a contradiction. Thus for some 
1 s is n we have pi = {P}. This implies in particular that RV 5 n. By rearranging the * 
Gi (if necessary) we can suppose that Yi = {Pi} (1 s is m). By Lemma 4.8 it follows 
that Gi = G, (15 i,c m). If m < n, ther, G,n + 1 < Gj for some 1 sic m by (2, Theorem 
3.61, a contradiction. The result is proved. 
5. Left Ore sets 
Let R be a ring. A non-empty subset T of R k called a left Ore set provided T 
is multiplicatively closed and for all r in R ;and t in T thew esist r% R, t”E T such 
that t’r = r’t. An element c of R is called regular if rc + 0 ;and cr # 0 for every non- 
zero element r in R. If I is an ideal of R, then C(1) is the collection of elements 6’ 
of R such that c +- I is a regular element of the ring R/I. The ring R is a lent 
domain provided R is a domain (that is, C(0) = R \ (0)) and C(O) is a left 
Compare the next result with [ 14, Proposition 2.121. 
131 A.R. Meijer, P.F. Smith 
Proposition 5.1. The following statements are equivalent for an ideal I of a ring R. 
(i) GI is the set of left ideals L such that L $I. 
(ii) C(I) is a left Ore set and the ring R/I is a (left Ore) domain. 
Proof. (i) = (ii). Let a E R, a & I. Then K = Ra E GI. In particular this means that 
((K + I)/I)6+ 0 for all non-zero elements 6 in R/I. Thus a6$ I for all b in R but 
not I. It follows that R/I is a domain. Moreover, since I&G1 it follows that for 
any r in R the left ideal Kr-* E: G, and hence 0-r $I. It follows that C(I) is a left 
Ore set. 
(ii) =+ (i). Let L be a left ideal of R such that L $I. Since R/I is a domain it follows 
that there exists c E L fl C(I). Let r~ R. Then Lr-’ 2 (Rc)r-’ implies LF* n C(I) is 
non-empty. That is, (Lr-’ +1)/I contains a regular element of the ring R/I. Since 
R/I is a left Ore domain it follows that (Lr-’ + I)/I is a dense left ideal of R/I and 
hence, by Corollary 2.7, L E G!. 
Corollary 5,2. If R is a !eft 0-e domain, then N(R) = { 0). 
We saw in Corollary 2.8 that if I is an ideal of a ring R, then L E N(R) implies 
(L + I)/k N(R/I) provided IrL. This is not true in general as we shall see. For 
the moment note that if R is a left Ore domain, then N(R) = (0) as we have just 
seen and hence L E N(R) implies (L +I)/k N(R/I) for all ideals I. On the other 
hand, if P is an ideal of a ring R such that the ring R/P is a left Ore domain then, 
for a. given left ideal K, (K+ P)/P E N(R/P) only if Kr P by Corollary 5.2. 
Lemma 5.3. Let P be a prime ideal of a ring R such that the ring R/P satisfies the 
ascending and descending chain conditions on left annihilators. Suppose further 
that C(P) is a left Ore set. Then GP is the set of all left ideals L such that L (I C(P) 
is non-empty. 
Proof, Suppose L is a left ideal such that L n C(P) is non-empty. Let r~ R. Then 
Lr-’ n C(P) is non-empty because C(P) is a left Ore set. Let K = Lr-‘. Then 
(K-t P)/P contains a regular element of R/P and it follows that (K+ P)/P is a dense 
left ideal of R/P, again because C(P) is a left Ore set. Thus L E Gp by Corollary 
2.7. Conversely, suppose A .is a left ideal of R such that A EGO. Then (A + P)/P 
is a dense left ideal of R/P by Corollary 2.7. By [7, p. 15, Theorem 1.191, A n C(P) 
is nov; .empty. 
Let I be an ideal of ring R. Let N*(R/I) denote the collection of all left ideals 
(L + I)/I of R/I such that L E N(R). By a minima! prime ideal P of I we mean a 
prime ideal P containing I such that P/I is a minimal prime ideal of the ring R/I. 
N(R/I). 
5.4. Let I be a proper ideal of a left or right Noetherian ring R such 
a left Ore set for each minimal prime ideal P of I. Then *(R/I) zs 
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hoof. Let L E N(R). Let P be a minimal prime ideal of I. Then R/P is a prim.e left 
or right Noetherian ring and hence satisfies the ascending and descending chairn con- 
ditions on left annihilators (see [7, p. 11, Lemma 1 .I4 and p. 2)). Since L E Gb it 
fc4llows by Lemma 5.3 that L n C(P) is the empty set and hence so too is the set 
((.L+I)/I)fW(P/I). By Lemma 5.3, (L+Z)/IEG~,~. By [2, Theorem 3.6) or 
Theorem 4.9 above it follows that (L +I)/kN(R/I), as required. 
Proposition 5.4 has a converse for certain ideals I. One would not expect 
N*(R/I)sN(R/I) to give any information about I in general because of the 
example of left Ore domains R where N*(R/I) s N(R/I) for all ideals I. 
Theorem 5.5. Let R be a left or right Noetherian ring with maximal nilpotent ideal 
W. Then N*(R/ W) 5 N(R/ W) if and only if C(P) is a left Ore set for all minimal 
prime ideals P of R. 
Proof. The sufficiency is proved by Proposition 5.4. Conversely, suppose that 
N*(R/W)rN(R/W). Let P=P1,P2 ,..., P,, be the minimal prime ideals of R. Then 
~~=P1n...nP,.LetP’=P,n~~~nP,.Letr~RandcEC(P).SinceI”isanidcal 
of R and P’S P it follows that (PI+ P)/P is a non-zero iideal of the prime left or 
right Noetherian ring R/P and hence an essential eft ide:al of R/P. By (7, p. 14, 
Lemma 1.181, P’ contains an element d E C(P). Consider ,L = Rdc. In the ring RI’ W, 
C(P/ W) is a left Ore set by [25, Proposition 5.21 and thus (L + W)/ WE Gr II’ b> 
Lemma 5.3. Thus (L + W)/W$ N(R/W) and by hypothesis L $ N(R). Since dcE P’ 
it follows that L E GP by Theorem 4.9. Thus there exist rk R, C’E C(P) such that 
c’r=r’dc. It follows that C(P) is a left Ore set. 
To illustrate Theorem 5.5 we give the following example. Let F be a field, Fix) 
the polynomial rkg in an indeterminate x and R the subbring of the ring of 2 x 2 
matrices over F[x] consisting of all matrices of the form 
where f(x), g(x) E F[x]. Then R is a left Noetherian ring with maximal nilpotent 
ideal W consisting of those matrices with f (x) = Cl. Note that W is a prime ideal of 
R and W2 = 0. Chatters [6] has pointed out that C( W)l is not a left Ore set and 
hence N*(R/ W) %N(R/ W) by Theorem 5.5. Indeed, let 
x 0 
c 
= 00 [ 1 E R. 
Then RCE N(R) but (Rc+ W)/ Wg N(R/ W) because c CE C(W). 
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6. Reduced rings 
Let R be a ring. In Proposition 2.9 we examined one extreme for W(R), namely 
N(R) consists of all proper left ideals of R. In this section we are corcerned with 
the other extreme when N(R) = (0). A ring R is called reduced provided R contains 
no non-zero nilpotents. Let R be a reduced ring. Let a E R. Let b E I(a). Then ba = 0 
and hence (~b)~ = 0. It follows that ab = 0 and hence b belongs to the right annihila- 
tor of u. We conclude that in a reduced ring R the left and right annihilators coincide 
and are two-sided ideals. The first result in this section is an immediate consequence 
of Corollary 2.3. 
Lemma 6.1. Let R be a ring such that N(R)= (0). Then R is a reduced ring. 
Lemma 6.2. Let a be an element of an arbitrary ring R and E a non-zero injective 
left R-module. Then HomR (Ra + l(a), E) # 0. 
Proof. LetL=h’(a).LeteEE,e#O.IfLe#Odefine~:LjEby~(b)=be(bEL). 
Then @ can ble lifted to a non-zero homomorphism of Ra+ L into E. Suppose 
Le=O. Define 8 : Ra -+ E by 8(ra) = re (r E R). It is easy to check that B is well- 
defined and is a non-zero homomorphism from Ra to E. Again since E is injective 
it follows that B can be lifted to a non-zero homomorphism of Ra + L into E. 
Corollary 6.3. Let R be a ring such that N(R) = { 0). Then Ra + l(a) is an essential 
left ideal of R for cl11 a in R. 
Proof. Let L be a left ideal of R such that L n (Ra + l(a)) =O. Consider the exact 
sequence 
0 -+ Ra + l(a) -+ R/L. 
If E is a non-zero injective left R-module, then by Lemma 6.2 we know that 
HomR(Ra+ l(a), E) #to and hence HomR(R/L, E) #O, By Lemma 2.1, L E N(R) 
and hence L = 0. 
The next result should be compared with [28, p. 254, Proposition 5.21. 
heosem 6.4. Let R be a ring with maximal left quotient ring Q. Then the following 
statements are equivalent. 
(i) N(R) = { 0). 
(ii) R is a reduced ring such that Ra + l(a) is an essential left ideal of R for all 
a in R. 
(iii) R is a reduced ring such that for all a, b in R the condition Ra .cI Rb = 0 
implies ab = 0. 
(iv) R is a reduced ring such that L is an essential submodule of 1(1(L)) for all 
left ideals L. 
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(v) R is u reduced ring such that L + I(L) is an essential ieft ideal for all /eft 
ideals L. 
(vi) R is left nonsingular and Q is a reduced ring. 
Proof. (i) * (ii). By Lemma 6.1 and Corollary 6.3. 
(ii) * (iii). Let a, b E R satisfy Ra C’) Rb = 0. Let L = {r E: R : rb E Ra + I(a)}. Since 
Ra + l(a) is an essential left ideal (by hypothesis) it follows that L is an essential left 
ideal. Thus Lb zs Ra + I(a) and by our remarks about reduced rings at the beginning 
of this section aLbruRa. Thus aLb5 Ra n Rb = 0, giving aLb = 0. It follows that 
(Lba)* =0 and hence Lba = 0. By [22, Proposition 3.11 reduced rings are left non- 
singular and hence ba=O. Thus ab =0 as required. 
(iii)=, (iv). By [27, Th e o rem 11 or [28, p. 254, Proposition 5.21. 
(iv) * (v). Let L be a left ideal of R. Let I = I(L). Let 0 :;t II E R. If Ia # 0, then the 
fact that I is the right annihilator of L and hence a two-sided ideal implies 
O#ta~ Ran (L +I). On the other hand, if la = 0, then &= 0 and UE /(I(L)). By 
hypothesis, in this case 0 # Ra n L 5 Ran (L + I). It follows that L + I is an essential 
left ideal of R. 
(v) =j (ii). Let a E R and L = Ra. Then I(L) 5 l(a) implies that Ra + I (a) is an essen- 
tial left ideal of R. 
(ii)=+(i). Let A E N(R). Suppose (if possible) A # 0 and let 0 #a E A. Then 
Ra E N(R). Also L = l(a) #R. By Lemma 2.2 there exist ellements r,s in R with se k. 
such that if K= (Ra)r-‘, then Kr Ls -*. Let H=(Ra+L)r-? It follows that W is 
an essential left ideal of R and a&&k;‘. Thus aHsrL or, in other words, aHsa ==O. 
Since R is a reduced ring and (Hsa)*= 0 it follows that Hsa = 0 and hence sa = 0 
[22, Proposition 3. I]. We have now obtained the contradiction s E L. Thus A = 0. 
(iv) H (vi). By [27, Theorem l] or [28, p. 254, Proposition 5.21. This completes the 
proof of the theorem. 
Corollary 6.5. Let R be a prime ring. Then N (A!) = { 0) if and oniy if R is a left Ore 
domain. 
Proof. The sufficiency is proved in Corollary 5.2 (or use Theorem ilj.4). Conversely, 
suppose that N(R) = { 0). By the theorem R is a reduced ring. Also if 0 #a E R, then 
l(a) is a two-sided ideal and so I(a) = 0, because R is prime. By (ii) in the theorem 
it follows that R is a left Ore domain. 
Note that in the theorem, (iii) * (vi) is proved in [22, Thleorem 4. I]. Note also that 
in the statements (ii), (iii) and (11) in the theorerl, ‘reduced’ can be replaced bv ‘left 
nonsingular’. To see why this is so for (ii), let R be a left nonsingular ing such that 
I(a) + Ra is an essential eft ideal for all a in R. Let b E R satisfy b’ = 0. Then 
(l(b) + Rb)b =: 0 and hence b = 0. It follows that R is reduced. E’or (iii) 
Theorem 11. For (v), if L + l(L) is an essential left ideal for all left “deals 
Ra + l(a) is an essential left ideal for all GI in I;‘. This brings us to a secon 
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quence of Theorem 6.4. Recall that a ring R has finite left Goldie dimension pro- 
vided R does not contain an infinite direct sum of non-zero left ideals. 
Corollary 6.6. Let R be a ring with jhite left Go/die dimension. Then N(R) = { 0) 
if and only if R is reduced. 
Proof. Suppose R is reduced. Let a~ R. Let A be a left ideal such that A n 
(Ra+Z(a))=O. Then A +Aa+Aa’+*e. is a direct sum of left ideals and hence 
Ask =0 for some positive integer k. We claim that Aa = 0 and hence A = 0. To 
prove this claim it is sufficient to show that I(b) = l(b2) for all t, in R. Let c E I@). 
Then cb E I(b) and, because R is reduced and left and right annihilators coincide, 
we infer bct7 = 0. Thus, (c@~ =0 and hence cb = 0. This proves the claim and the 
fact that Ra+ &a) is an essential eft ideal follows. By Theorem 6.4 N(R) = (0). 
Andrunakievic and Rjabuhin [l] proved that a ring R is reduced if and only if 
R is semiprime and R/P is a domain for every minimal prime ideal P. It is interesting 
to compare this result with the following characterization of N(R) = (0) for rings 
R which contain only finitely many minimal prime ideals. The next result generalizes 
Corollary 6.5. 
Propositioln 6.7. Let R be a ring with only finitely many minimal prime ideals Pi 
(1 liln). Then N(R) = (0) if and only if R is semiprime and R/P, is a left Ore 
domain (1 sic n). 
Proof. Suppose N(R) = (0). By Lemma 6.1, R is a reduced ring and hence R is 
semiprime. Suppose the ideals Pi (1s is n) are distinct and define P= PI and 
P’= Pz n **= n Pn. By the theorem of Andrunakievic and Rjabuhin mentioned 
above, each of the rings R/Pi (15 ic n) is a domain and hence each ideal Pi 
(1 l&n) is strongly prime and thus a T-ideal. By Corollary 4.5, (0) = N(R) = 
‘ nl=, GbiO Let L be a left ideal of R such that L E Gb. Then L n P’E N(R) and 
hence L n P’= OS P. Since P’S P it follows that L s P. By Proposition 5.1, R/P is 
a left Ore domain. 
Conversely, suppose that R is semiprime and R/Pi is a left Ore domain 
(1 r&n). With the above notation let r ER, CE C(P). There exist r’E R, C’E C(P) 
such that r’c- c’r~ P. Since P’(I C(P) is non-empty it follows that if d E P’n C(P), 
then d(r’c- c’r) E P’P= 0, that is (dr’)c= (dc’)r and dc’E C(P). Thus C(P) is a left 
Ore jet. That N(R) = (0) follows easily from the fact that P, n l .0 Tr P, =0, by 
1 al-oposition 5 _ 1. 
This work was begun when the second author was visiting the University of Natal 
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